Combined free and forced convection flow of a viscous incompressible electrically conducting fluid in a rotating channel is studied. Analytical solution for the velocity and induced magnetic field is obtained in closed form. Asymptotic behavior of the solution for the velocity and induced magnetic field is analyzed for large values of magnetic parameter M 2 and rotation parameter K 2 to gain some physical insight into the flow pattern. The expressions for the shear stress and critical Grashof number at both the plates and mass flow rates are also derived. Numerical values of rate of heat transfer at both the plates are obtained with the help of MATLAB software. The numerical values of velocity and induced magnetic field are displayed graphically whereas that of shear stress at the upper plate, mass flow rate, critical Grashof number and rate of heat transfer at both the plates are presented in tabular form for various values of flow parameters.
Introduction
The study of hydromagnetic flow of a viscous incompressible electrically conducting fluid in a rotating medium is of considerable importance due to occurrence of various natural phenomena and for its application in various technological situations which are directly governed by the action of Coriolis and magnetic forces. In order to increase basic understanding of such fluid flows, several researchers including Hide and Roberts (1960) , Nanda and Mohanty (1971) , Soundalgekar and Pop (1973) , Soundalgekar and Gupta (1975) , Debnath (1974 Debnath ( ,1975 , Acheson (1975) , Mazumder (1977) , Datta and Jana (1977) , Seth et al (1982 Seth et al ( , 2010 , Raptis and Singh (1986) , Singh et al (1994) , Ghosh (1993) , Nagy and Demendy (1995) , Seth and Banerjee (1996) , Ghosh and Bhattacharjee (2000) , Singh (2000) , Ghosh and Pop (2003, 2004) , Hayat et al. (2004a Hayat et al. ( , 2004b Hayat et al. ( , 2004c Seth and Singh (2008) , Seth and Ansari (2009) , Das et al (2009) , Guria et al. (2009) investigated the problems of hydromagnetic flow in rotating medium under different conditions and configurations. Mazumder (1977) studied steady flow of a viscous incompressible electrically conducting fluid in a rotating channel with arbitrary conducting walls. Mazumder (1977) also investigated the heat transfer characteristics of the flow due to forced convection taking viscous and Joule dissipations into account. It is well known that the fluids with low Prandtl number are electrically conducting apart from being more sensitive to the gravitational field than fluids with high Prandtl number. Hence the interplay of buoyancy force with the electromagnetic force determines the ultimate behaviour of an electrically conducting fluid with low Prandtl number under a transverse magnetic field. Keeping in view this fact, Seth and Banerjee (1996) , Ghosh and Bhattacharjee (2000) , Seth and Singh (2008) and Seth and Ansari (2009) studied combined free and forced convection flow of a viscous incompressible electrically conducting fluid in a rotating channel considering different aspects of the problem. In all these investigations the walls of the channel are considered either non-conducting or perfectly conducting.
The purpose of the present paper is to study combined free and forced convection flow of a viscous incompressible electrically conducting fluid in a rotating channel with arbitrary conducting walls, in the presence of a transverse magnetic field, under the action of a uniform pressure gradient. Analytical solution for the velocity and induced magnetic field is obtained in closed form. 
Formulation of the problem and its solution
Consider combined free and forced convection flow of a viscous incompressible electrically conducting fluid between two horizontal parallel finitely thick arbitrary conducting plates z L = ± in the presence of a uniform transverse magnetic field H o applied parallel to z-axis. The fluid and channel rotate in unison with a uniform angular velocity Ω about z-axis and fluid flow within the channel is induced due to uniform pressure gradient applied in x-direction. The plates of the channel are cooled or heated by uniform temperature gradient acting along x-direction so that temperature varies linearly along the plates. Since plates are infinite along x-and y-directions and flow is assumed to be steady and fully developed, all physical quantities, except pressure and temperature, depend on z only. Geometry of the problem is presented in Fig. 1 . The fluid velocity q r and induced magnetic field H r are assumed as
This assumption is compatible with the fundamental equations of magnetohydrodynamics in a rotating medium.
Under the above assumptions equation of motion and induction equation for the magnetic field reduce to 2 1 2 , 2
where p, 0 T , , , , , e ρ υ μ σ β′ and g are, respectively, modified hydromagnetic pressure including centrifugal force, temperature in reference state, density, kinematic coefficient of viscosity, magnetic permeability, electrical conductivity, coefficient of thermal expansion and acceleration due to gravity. Since plates of the channel are cooled or heated by uniform temperature gradient acting along x-direction so the fluid temperature is considered as
where T ′ , A 1 and θ 1 (z) are, respectively, fluid temperature, uniform temperature gradient acting along x-direction and arbitrary function of z. Eqn. (4), after integration, is given by
where K 1 is the uniform pressure gradient acting along x-direction with which fluid flow is generated within the channel. Eqn. (2), with the help of (7) and (8), reduces to
The boundary conditions for the velocity field are
(10) It is assumed that the plates of the channel are of finite thickness and of arbitrary electrical conductivity, the boundary conditions for the magnetic field (Mazumder (1977) 
where σ 1 , h 1 and σ 2 , h 2 are, respectively, electrical conductivity and thickness of the upper and lower plates. Introducing non-dimensional variables , , , and ,
the eqns. (3), (5), (6) and (9), in dimensionless form, are given by 2 2 2 2 2 ,
parameter which is the reciprocal of Ekman number,
is Grashof number and
is non-dimensional pressure gradient. It is noticed from equation (7) that positive or negative value of A 1 corresponds to heating or cooling of channel walls along xdirection. Therefore, it follows from the definition of G that G >0 or G < 0 according as the channel walls are heated or cooled in axial direction.
The boundary conditions (10) and (11), in dimensionless form, become
where 1 The eqns. (13) to (16) are presented in compact form as
where F u iv = + and
The boundary conditions (17) and (18) become
The solution of eqns. (19) and (20) subject to the boundary conditions (21) and (22) are given by
where
2 , 2 t a n h 2
Shear stress at the upper and lower plates
The non-dimensional shear stress components x τ and y τ at the upper and lower plates, due to the primary and secondary flows respectively, are given by
Critical Grashof number
The Critical Grashof numbers G cx and G cy , for which shear stress at the plates due to the primary and secondary flows respectively vanishes, are given by
Mass flow rate
The non-dimensional mass flow rates Q x /ρυ and Q y /ρυ, in the primary and secondary flow directions respectively, are given by
Asymptotic Solutions
Now asymptotic behavior of the solution given by (23) and (24) is to be discussed to gain some physical insight into the flow pattern. 
It is evident from the expressions (29) to (32) that flow is divided into two regions, namely, boundary layer region and central core region. The boundary layer region is confined to the boundary layer of thickness O(1/α) which arises adjacent to the upper plate of the channel. This layer may be recognized as modified Ekman-Hartmann boundary layer and can be viewed as either a classical Ekman boundary layer modified by magnetic field or a classical Hartmann boundary layer modified by rotation.
For 
Expressions ( In this case also fluid flow becomes boundary layer type. For the boundary layer flow near the upper plate, the expressions for the velocity and induced magnetic field, derived from (23) and (24), are given by
The expressions (37) to (40) show that the fluid flow is divided into two regions viz. boundary layer region and central core region. The boundary layer region is confined to the boundary layer of thickness O(1/α 1 ) which appears near the upper plate. This boundary layer may be identified as modified hydromagnetic Ekman boundary layer and can be viewed as a classical Ekman boundary layer modified by magnetic field. A similar type of boundary layer appears near the lower plate. The thickness of the boundary layer decreases with the increase in either K 2 or M 2 . In the central core region, the expressions (37) to (40) reduce to ( )
It is evident from the expressions (42) to (44) that, in the central core region, fluid flows in a direction normal to the directions of applied pressure gradient and axis of rotation. Fluid velocity is unaffected by the magnetic field and varies linearly with η. The effect of free convection on fluid flow is insignificant near central line of the channel. The induced magnetic field persists in both the directions due to free convection and wall conductance in this region and has considerable effects of rotation, wall conductance and free convection. Induced magnetic field H x varies linearly with η whereas variation in induced magnetic field H y is non-linear with η due to the presence of free convection.
Case III: M

>> 1 and K ~ O(1)
In this case also boundary layer type flow is expected. For the boundary layer flow near the upper plate, the expressions for the velocity and induced magnetic field, obtained from (23) and (24), are given by 
The expressions (50) to (52) reveal that, in the central core region, the velocity and induced magnetic field vanish away in the secondary flow direction while it persist in the primary flow direction and are unaffected by rotation. The primary velocity u varies linearly with η and the effect of free convection on it is insignificant near the central line of the channel. The variation in induced magnetic field H x is non-linear with η due to the presence of free convection and it has considerable effects of magnetic field, wall conductance and free convection.
Heat Transfer Characteristics
Energy equation for steady fully developed flow of a viscous incompressible electrically conducting fluid taking viscous and Joule dissipations into account is
where k and p c are, respectively, thermal conductivity and specific heat at constant pressure.
Since plates z L = ± are cooled or heated by a uniform temperature gradient A 1 along x -direction, therefore, boundary conditions for fluid temperature are assumed as θ are constants.
Energy equation (53), in dimensionless form with the help of (7) and (12), becomes 
where F and H are complex conjugates of F and H respectively. Boundary conditions (56) and (58), in combined form, become
The numerical solution of energy equation (59) subject to the boundary conditions (60) can be obtained by MATLAB software.
The numerical values of rate of heat transfer at both the plates are obtained with the help of MATLAB software.
Results and Discussion
To study the effects of buoyancy force, rotation, magnetic field and wall conductance on the fluid velocity and induced magnetic field profiles of the velocity and induced magnetic field are drawn versus channel width variable η in Figs whereas it accelerates secondary flow in the lower half of the channel and its characteristics are changed in the upper half of the channel. Fig. 3 reveals that free convection has tendency to increase primary as well as secondary induced magnetic fields x H and y H throughout the channel. Fig. 4 shows that rotation retards fluid flow in both the directions in the region away from the upper plate whereas, in the region near the upper plate, its characteristics are changed due to flow reversal. φ whereas it decrease with the increase in 2 φ . This implies that wall conductance of lower plate increases both the induced magnetic fields whereas wall conductance of the upper plate reduces both the induced magnetic fields. 
φ =
The numerical values of primary and secondary shear stress components at the upper plate are presented in tabular form in Tables 1 and 2 for various values of   2  2 , , and M K G φ taking 1 R = − whereas that of critical Grashof numbers cx G and cy G for which separation takes place at the upper plate in the primary and secondary flow directions respectively and mass flow rates x Q ρυ and y Q ρυ in the primary and secondary flow directions respectively are provided in Tables 3 to 6 for various Tables 7 and 8 for various values we conclude that free convection tends to increase rate of heat transfer at the upper plate whereas it has reverse effects on the rate of heat transfer at the lower plate. Rotation and wall conductance have tendency to reduce rate of heat transfer at the upper plate whereas it has reverse effects on the rate of heat transfer at the lower plate. Magnetic field tends to increase rate of heat transfer at the upper plate when both the plates are either non-conducting or finitely conducting and it has tendency to reduce rate of heat transfer at the lower plate when both the plates are either finitely conducting or perfectly conducting.
G cx -G cy 
Conclusions
Combined free and forced convection flow of a viscous incompressible electrically conducting fluid in a rotating channel is investigated. Asymptotic behavior of the solution for the velocity and induced magnetic field is analyzed for large values of M 2 and K 2 to gain some physical insight into the flow pattern. Free convection causes reverse flow in the primary and secondary flow directions and tends to accelerate primary flow and has tendency to accelerate secondary flow in the lower half of the channel. Free convection tends to increase primary and secondary induced magnetic fields throughout the channel. Magnetic field retards fluid flow in both the directions. Wall conductance accelerates fluid flow in the primary flow direction and it retards fluid flow in the secondary flow direction. There exists flow separation at the upper plate due to free convection in the secondary flow direction. Free convection tends to increase rate of heat transfer at the upper plate whereas it has reverse effects on the rate of heat transfer at the lower plate. Rotation and wall conductance tend to reduce rate of heat transfer at the upper plate and have reverse effects on the rate of heat transfer at the lower plate.
